Abstract. Motivated by recent experiments, we extend the Joanny-deGennes calculation of the elasticity of a contact line to an arbitrary contact angle and an arbitrary plate inclination in presence of gravity. This requires a diagonalization of the elastic modes around the non-linear equilibrium profile, which is carried out exactly. We then make detailed predictions for the avalanche-size distribution at quasi-static depinning: we study how the universal (i.e. short-scale independent) rescaled size distribution and the ratio of moments of local to global avalanches depend on the precise form of the elastic kernel.
Introduction
Recent experiments on contact-line dynamics near depinning [1] have allowed for a direct measurement of the renormalized disorder correlator, and of the avalanche-size statistics. It was concluded in [1] that the precise form of the contact-line elasticity may have an important impact on the distribution of avalanche sizes. Thus, a detailed prediction for the former is needed. Surprisingly, a review of the literature reveals that this problem appears to have been treated only neglecting gravity [2] 1 , or in presence of gravity only in the case where the equilibrium configuration of the interface is flat and horizontal, as for a vertical wall and a contact angle θ of 90
• [3, 4] , see Figs. 1 and 2.
1 [2] introduce the capillary length Lc ad hoc as a cutoff for the contact-line profile in response to a δ-like force. In the latter case, the elastic energy as a function of the Fourier-transformed height profile h q takes the form:
with κ the inverse capillary length, and up to terms of order h 3 . In other cases, interpolation formulas have been proposed [5] .
There is numerical evidence [6] that the contact-line energy (1) does not correctly describe the shape of the contact line depinning from a single defect. Surprisingly, the form of q as given by (1) seems not to have been questioned, rather the discrepancies were attributed to higherorder terms in h. The latter are indeed present [7, 8, 9] , even for θ = 90
• and a vertical wall (ϕ = 0), but for small perturbations they are subdominant w.r.t. the dominant term (1) .
In the first part of the present article (section 3) we show that for contact-angles leading to a non-flat profile as plotted in figure 1, or for an inclined wall in figure 2 , the elastic energy (1) cannot be used, but must be replaced by the more general form q κγ = sin(θ) cos(ϕ) t + r 2 − 1 [t(r + t) + 1] sin 2 (θ) t (r 2 + 3rt + 3t 2 − 1) (2) t = sin(θ + ϕ) + 1 2 , r = 1 + q 2 κ 2 .
Then we discuss how this form can be measured from the contact line profile in presence of a single defect. This section is pedagogical and self-contained and can be read with no prior knowledge in either wetting or disordered systems.
In the second part of the paper (section 4) we examine the consequences of the form (2) of the elastic kernel q for the avalanche statistics of a contact-line at depinning, i.e. a contact-line advancing on a disordered substrate, when the fluid level is adiabatically increased. We calculate the local (i.e. at a given point) as well as global avalanche-size distribution, including the scaling functions. We work at quasi-static depinning using an over-damped equation of motion. The point of the present work is to study the effects arising from the precise form of the elastic kernel. We therefore assume that details of the dynamics as well as non-linearities can be neglected in comparison. We use the methods introduced in [10] to compute the avalanche-size distribution from the Functional Renormalization Group (FRG) theory of pinned elastic systems (see also Refs. [11] for a pedagogical introduction and [12, 13] for early numerical tests of this theory ) . We recall and analyze the formula given in these references, hence this section can be read with no prior knowledge of disordered systems; however understanding its foundations requires the knowledge of the above mentioned literature. Then we derive a general formula for the size distribution for an arbitrary elastic kernel, not given priorly, and compute universal ratios of local-avalanche-size moments versus global ones. Finally, we apply our general result to the contact line with the elasticity (2).
Model
Consider a fluid in a semi-infinite reservoir, bounded by a planar plate, in presence of gravity. The plate is inclined by an angle −π/2 < ϕ < π/2 with respect to the vertical, see figure 2 . We consider the coordinate system X, y, Z where Z is along the vertical direction, and the equation of the plate is Z = −X cot ϕ. The contact line of the fluid is parameterized by (h(y), y) along the plate, hence it is at (X = −h(y) sin ϕ, y, Z = h(y) cos ϕ) in our coordinate system. The fluid occupies the space Z < Z(X, y) and X > −Z tan ϕ, hence also X > −h(y) sin ϕ, where Z(X, y) is the height of the fluid-air surface. We choose the coordinate Z so that the reservoir level is Z = 0 hence Z(X → ∞, y) = 0.
The energy E is the sum of the fluid-air interface energy, proportional to the area, and the gravitational energy. It is a functional of Z(X, y), with explicit dependence on h(y). Its full expression reads:
γ is the surface tension, and
defines the capillary length L c . We call E the reduced energy. The first term is the area of the fluid surface; the second is the gravitational cost in potential energy for bringing a fluid element from infinity at level Z = 0, filling the reservoir up to height Z(X, y). The second line takes into account that for ϕ > 0 and h(y) > 0 (resp. ϕ < 0 and h(y) < 0) the volume element 0 < Z < −X cot ϕ (resp. −X cot ϕ < Z < 0) is actually not filled by the liquid; this is the gray shaded region on figure 2. Similarly for ϕ > 0 and h(y) < 0 (resp. ϕ < 0 and h(y) > 0) there is a corresponding missing volume element which must be added. The third line is the subtraction of the surface energy of the flat profile h(y) = 0 (i.e. Z = 0 and X > 0), necessary to make the problem well-defined. The last term comes from the difference between solid-fluid γ SF and solid-air γ SA surface energies which defines the equilibrium contact angle, denoted θ, via the usual relation γ cos θ = γ SA −γ SF . The definition of the contact line implies the additional boundary condition
The energy of a given configuration h(y) of the contact line is obtained as
at fixed h(y) under the constraint (5). By translational invariance, the minimum-energy configuration of the contact-line itself, i.e. the minimum of E[h], is attained for a straight line h(y) = h 0 where h 0 denotes the equilibrium height.
In the next Section we compute the elastic energy of the contact line, i.e. E[h] to second order in its deforma-
Here h(y) = q h q e iqy and we denote q := dq 2π . For a uniform deformation h(y) = h it takes the form:
which defines what we call the mass m, i.e. m 2 is the curvature of the parabolic well in which the contact line sits because of gravity. We then calculate q , already announced in eq. (2).
3 Contact-line elasticity
Model in shifted coordinates
We start by introducing a more convenient expression for the energy of the system. The constraint X > −h(y) sin ϕ in the domain of integration is tedious to handle, so we introduce the function z(x, y) as
It satisfies the same boundary condition z(∞, 0) = 0. We have also definedh
i.e. z is still the height along the vertical axis, but we have shifted the X coordinate so that the integration domain is
Using that the derivatives, evaluated at X = x−h(y) sin ϕ, satisfy
one finds that the energy is now a functional noted E[z, h] = γE[z, h] of z(x, y) and h(y) with
To derive this result, we have used the relation
which was then rewritten in terms of x.
The new height function obeys the constraint
i.e. it is specified on the edge x = x 0 .
Zero mode and calculation of the mass
Let us first consider a uniform displacement of the line h(y) = h. We can then restrict to y-independent height functions z(x, y) = z(x), and the reduced energy takes the form
There are additional constraints at the boundary,
and z = 0 at infinity. h is arbitrary and not necessarily the preferred value at equilibrium noted h 0 . The linear variation of the reduced functional E[z, h] around an arbitrary configuration (z(x), h), by (δz(x), δh) can be written upon integration by part as
We have defined
hence θ(x 0 ) is the contact angle at the wall and θ(x) + ϕ is the local angle with respect to the vertical. Note that, because of κ 2 > 0, the profile decays and the boundary term at infinity does not contribute. The constraint on the boundary implies the additional relation
Consider now the function z(x) = z h (x) which minimizes the energy at fixed h, i.e. δh = 0 and δz(x 0 ) = 0. This leaves the variations in the bulk, given in the first line of (17) , leading to the stationarity condition
It can be integrated once,
where the integration constant was fixed by considering the limit of x → ∞. This yields at x = x 0 ,
using that 1 − sin x = 2 sin 2 (x/2 − π/4). The sign of the root h cos ϕ must be opposite to the sign of θ(x 0 )+ϕ−π/2, and similarly when solving for z in eq. (22). This yields
Integrating once more, we obtain the height profile z = z h (x) in the inverse form,
The integration constant was chosen to satisfy the constraint (16). The reduced energy of the uniform deformation h(y) = h is thus a simple function E(h) = E[z h , h], whose derivative, E (h) is easy to obtain. Indeed we can use the general variational formula (17) 
The bulk contribution is zero, due to the "equation of motion" (21) satisfied by z h (x). The boundary contributions, i.e. the second and third lines in (17) , give
Using eq. (23) this simplifies to
where θ(x 0 ) is an implicit function of h, using (24). We first note that this allows to recover the usual condition for equilibrium, E (h 0 ) = 0 namely that the local contact angle θ(x 0 ) = θ, the equilibrium contact angle. The equation determining h 0 is thus (24), with θ(x 0 ) = θ,
Inverting eq. (28) one finds from (27) away from equilibrium
The mass for the zero mode is thus, after various simplifications
An interesting special case is that of a flat interface,
Elastic energy for arbitrary deformations
We now go back to the general case for h(y). The reduced energy functional E[z, h] given in (13) explicitly depends on h(y). In addition h(y) also enters in the boundary condition (14) . It is important to distinguish these two dependences.
We call z h (x, y) the profile which minimizes the reduced energy functional E[z, h] with fixed h(y), hence with respect to bulk variations δz(x, y) only,
i.e. a partial (functional) derivative w.r.t. z only.
We now expand around the equilibrium solution as follows:
where z 0 (x) := z h0 (x) is the equilibrium profile determined in the previous section. Sincez is of order O(h), to compute the elastic energy we need to expand the minimum energy to second order inh andz. Expanding (13) to second order in the explicit dependence onz andh we have
The first term is the linear variation,
whereas δ (2,p) E are second order variations computed below. Let us start with δ (1) E:
The first line is the bulk variation which vanishes since z 0 (x) satisfies the stationarity condition (21). The rest is the sum of the boundary variation in z and the variation in h. Thanks to the exact constraint
one can check, using the results of the previous section, that this sum vanishes identically if h 0 is the equilibrium value. Hence we have δ (1) E = 0. Sincez also contains subdominanth 2 contributions, this is a quite useful observation, as we do not need to worry about them in computing the elastic energy. They drop out by virtue of the equilibrium condition.
Let us now study the three second variations. The first one is
The second one is
where we have usedh (y) = h (y) to alleviate the notation. The third contribution is
where we write separately the second derivative with respect to the explicit dependence onh(y) of the surface energy, namely
and of the gravitational one,
To compute the first two contributions one needs to specify the properties ofz(x, y) which follow from its definition (33). The function z h (x, y) must obey equation (32), for any h. Hence we can expand this equation order by order in h. For h = 0 it yields again the stationarity condition (21) for z 0 (x); to first order it yields
which, in explicit form, yields the equation obeyed bỹ z(x, y) (to linear order in h which is all we need here):
It must be solved with the boundary condition (37) and z(x = ∞, y) = 0. Remarkably, this complicated looking equation, which depends on the profile z 0 (x) known only in the implicit form (25), can be solved analytically. First of all, using the stationarity equation (21) satisfied by z 0 (x), one notes thatz
is a particular solution of (43) which vanishes at x = ∞ and takes the valuẽ
at the boundary. The full solution can thus be written as
wherez 2 (x, y) satisfies the homogeneous equation, i.e. (43) setting the r.h.s. to zero. The boundary condition (14) impliesz
Bothz 1 andz 2 vanish at x = ∞.
To solve the homogeneous equation, we go to Fourier space in y-direction, and introduce a new variable in xdirection. We thus look for the solution in the form
with S(x 0 ) = sin(θ + ϕ). Deriving eq. (49) w.r.t. x, and using (21) and (22) to express the result in terms of S(x), we obtain the rule for changing the derivatives,
The resulting equation for the function Fq(S) reads
where sin(θ + ϕ) < S < 1. The constraint (47) implies the boundary conditions Fq(sin(θ + ϕ)) = 1 and Fq(1) = 0. After some search, the general solution of eq. (52) which satisfies Fq(1) = 0 is found to be
where we denoted
We now evaluate the second variation. Consider first the sum of (38) and (39). Using the equation of motion (43) forz, the combination δ
2) E can be integrated by part. Therefore, we obtain for the combination
The last term has been integrated by part w.r.t. y 2 . To continue, we note the useful equality
which is a consequence of the two different ways to integrate by part
2 Note that the integration by part of ∂y produces no surface term. This can be made rigorous considering a periodic modulation h(y). We thus restrict here to functions that can be written as sum of periodic modulations, or have compact support.
and to use the equation of motion forz 1 (inhomogeneous) andz 2 (homogeneous).
Insertingz =z 1 +z 2 into (56) and using the equality (57) we get
We now discuss simplifications. Firstly, the last term in eq. (58) exactly cancels δE (2,3b) ; this is shown using (44). Secondly, from (44), (21) and (14), we obtain
This shows that the second line, half the third line and δ (2,3b) E cancel; the remaining half of the third line gives the first term reported in eq. (60) below. The second term comes from the first line of (58), using (48), so we get finally:
To compute the second term we use rule (51), where at the end S must be evaluated on the boundary S = sin(θ + ϕ).
To compute the first term we use the value (23) for h 0 . This yields our final result for the elastic energy,
One finds that q is a scaling function of q/κ which reproduces formula (30) for the energy of a uniform mode q=0 = m 2 as computed in the previous section, and which behaves as q ≈ κγ sin 2 θ|q| for large |q|. When ϕ + θ = π/2, the equilibrium shape of the interface is flat. Thus the elastic energy is expected to simplify. Indeed, it becomes • (top). The profiles are the response to a force inside the green box |y| < δ = 0.3Lc. The profile has to be continued symmetrically to the left.
The contact-line profile as a means of measuring q
Suppose the contact line is in force-free equilibrium. Then pull on it with a force per unit length:
This leads in linear response (i.e. for the quadratic in h elastic energy we are using) to the following profile
The limit of a δ-like force is recovered in the limit of δ → 0, which eliminates the last factor of sin(qδ)/(qδ). However the latter makes the integral convergent at large q. We have plotted for θ = 40
• and δ = 0.3 two solutions on figure 5 , one for ϕ = 0
• (bottom) and the other for ϕ = 45
• (top). We note that q can be reconstructed from the profile as follows A reconstruction of q starting from the blue points on the top of figure 5 is given in figure 6 .
4 Avalanche-size distributions 4 
.1 The model
We now study the case of a disordered plate, which is immersed with velocity v into the liquid reservoir. This is the geometry of the experiment described in Ref. [1] . We use some of the notations defined there: x denotes the coordinate along the contact line (denoted y in the previous section) and u(x) the height of the contact line along the plate, in the frame of the plate. We reserve the notation h(x) to the contact-line height measured in the laboratory frame, with the relation 3 :
h(x, t) = u(x, t) − w , w = vt .
Even though it is a dynamical problem, it is useful to introduce the energy
Here m 2 is the mass of the zero mode q = 0, and δE[u] := 1 2 q
[ q − 0 ]u q u −q the remaining part of the elastic energy at non-zero wave vector q = 0. For the contact-line, m 2 = 0 and δE[u] are both given in (62). We neglect possible non-linear elastic terms [8, 9] . The function V (x, u) is a random potential, whose derivative ∂ u V (x, u) is shortranged correlated, modeling the disordered substrate.
The contact line is pinned by the disorder, but also trapped in the quadratic well with curvature m 2 . Advancing the well-position w by immersing the plate with velocity v leads to a motion of the contact line, which we now study in the quasi-static limit, i.e. the limit of small v. From the energy form (68) one can derive, upon various assumptions about the fluid, equations of motion (see e.g. [4, 7] and references therein). Our assumption here is that in the quasi-static limit, they lead to the same statistics as the simplest over-damped model studied in Ref. [10] , at least to the level of approximation that we use here (i.e. lowest order, i.e. one-loop FRG). Furthermore, although quasi-static dynamics and pure statics are different, they lead, in the same order of approximation, to identical rescaled avalanche-size distributions. Deviations are expected only at the next, i.e. two-loop order. This justifies our studying of the energy form (68), and, as we will see, our point is that noticeable effects already arise from the precise form of the elastic kernel.
Global statistics of avalanches

Definitions
As can be seen on figure 8, the experiment [1] shows, as predicted by the theory [12, 10] , that the motion of the
!" #"
! " !! Fig. 7 . Sketch of the experimental setup used in [1] . The size of the image in the inset is 1.5 mm. 
(69) Hence one can measure the avalanche size S as the area swiped both in the u or in the h coordinate system.
We now recall the main results of Refs. [12, 10] and apply the general formulation to various cases, including the contact line for which we have computed the elasticity in section 3. The characteristic rescaled functionZ(λ) is defined as:Z (λ) := S m S e λS/Sm − 1 (70)
All averages . . . are over the normalized probability density P (S) of avalanches. By definitionZ(λ) = λ + λ 2 + O(λ 3 ). The function ∆(w) is the renormalized correlator of the disorder defined and studied in [12, 10] and measured in Ref. [1] . It is m dependent: at large m it is equal to the bare disorder correlator, while as m is decreased it develops a linear cusp at u = 0, whose value, ∆ (0 + ), is related to the second moment of the size distribution as displayed above in equation (71).
The scale S m is the large-scale cutoff for avalanche sizes, originating from the quadratic well which suppresses the largest avalanches. It is an important scale as it allows to define universal functions in the limit where it becomes large i.e. S m S min , where S min is the typical size of the smallest avalanches. In the variable s := S/S m the avalanche-size distribution becomes universal. Universal means independent of small-scale details, but not of the large-scale setting, e.g. it will depend on the precise form of the elastic kernel. Indeed, one of the predictions of the FRG theory is that if the exponent τ satisfies 2 > τ > 1 which will turn out to be the case here, then the distribution of avalanche sizes for S S min takes the form as m → 0, i.e. S m S min ,
The function p(s) is universal in the above sense. For a fixed elastic kernel it depends only on the space dimension d. Note that the normalized probability P (S) depends on the cut-off S min via the first moment S which cannot be predicted by the theory, hence is an input from experiment. It is important to stress that while the function p(s) is universal and convenient for data analysis, it is not a probability distribution and is not normalized to unity. Rather, it satisfies from its definition (72) and using (71) the two normalization conditions
Here and below we use the notation s p to denote an integration over p(s) and distinguish it from a true expectation value over P (S), denoted . . . . Note thatZ(λ) and p(s) are related by the Laplace transform
Note finally that the limit m → 0 means that L c is large compared to the microscopic cutoff a along the line, which may be of nanometer scale, or for strong disorder the size of the defects.
Results from one-loop FRG
We now summarize the results obtained in [10] for a general form of the elastic kernel k . One defines:
The general result of [10] is thatZ(λ) satisfies, in an expansion in powers of the renormalized disorder ∆(w) and up to terms of O(∆ 2 ),
Note that the parameter
the distance to the upper critical dimension, introduced here for later purpose, cancels and is thus immaterial in this formula. As such, this equation is formally exact for any m, any k and any dimension, up to O(∆ 2 ) terms. Furthermore, consider now an elastic kernel such that:
with elasticity range β ≤ 2 (i.e. long-ranged for β < 2 and short-ranged for β = 2) and K the elastic constant. Assume that it takes the form
where the elastic scaling function e(p) is constructed as the unique dimensionless function of the dimensionless argument p which satisfies e(0) = 1, and e(p) = p β for p → ∞. Then, the result of [10] is that the formula (77) can be controlled, in the limit m → 0 as an expansion in powers of
is independent of the shape of the function e(p). Since the 1-loop FRG flow for ∆ has the schematic form −µ∂
it is convenient to introduce the rescaled disorder,
where the second equality holds to leading order in . This is precisely the parameter α defined above, i.e. α = −∆ (0). The one-loop FRG flow for the rescaled disorder admits a fixed point, from which one obtains, as m → 0, that α flows to α = −∆ (0) = − 1 3 (1 − ζ 1 ). Here ζ 1 is the O( ) correction to the roughness exponent of the elastic object. For the type of disorder relevant for the contact line (i.e. random-field disorder) one has ζ 1 = 1/3, hence
This value will be used from now on in (77), which is thus valid up to terms of order O( 2 ). Using the above definitions one finds that to lowest order in , J(z) depends only on the dimensionless scaling function e(p), and not on the stiffness K:
valid for SR elasticity as well as LR elasticity. Of course, since we work to lowest order in , the above integral should be computed in the critical dimension d = d c .
Note that the mean-field singularity of this equation corresponds to p = 0, e(p = 0) = 1, i.e. z = 1/2.
FromZ(λ) to p(s)
In Refs. [12, 10] we examined various choices for the elastic kernel k , computedZ(λ) for each choice, and extracted the scaled avalanche distribution p(s). Here we show that p(s) can directly be written as a function of k , or e(p).
General formalism
The definition (75) implies
While p(s) does not admit a Laplace transform, the function sp(s) does. Laplace inversion then yields
up to terms of order α 2 . At this stage there is a heuristic step, to go from the λ to the Z contour. We assume that the contour Z = ix with x ∈ R is the correct one, as it is for the mean-field case (α = 0) around which we perturb. We will check this result on known cases below. Then one has
to lowest order in α. We have introduced the scaled meanfield avalanche-size distribution, i.e. (87) at α = 0,
For the elastic manifold, it holds for d ≥ d c . We want to compute the correction to sp(s) of order α, i.e. of order
The integrand behaves (before integration over x and k) as t 2 at small t as a result of the counterterms. It is useful to introduce the elastic generating function,
in terms of which we get, integrating (90) over x:
This is our final and most general formula, valid for any elasticity k and to first order in α, i.e. in . By performing the integral over s, one checks that it satisfies automatically the two normalization conditions for p(s) (to order α).
Special cases
We now check that this formula recovers previous known results.
Standard local elasticity: For k = Kk 2 +m 2 one has β = 2 and e(p) = p 2 + 1. Using that k e −tk
and computing the momentum integral in d = d c = 4, one finds
Inserting into (92) and performing the t integral yields
which recovers the result (169) of [10] (to lowest order in α).
Elasticity of flat contact line and generalization: From (63) the elasticity of a flat contact line ϕ + θ = π/2 is
This gives:
It is instructive to slightly generalize this, and study
with 0 < a < 1, which interpolates between the flat contact line for a = 0 and e(p) = |p| + 1 for a = 1, two cases studied in Ref. [10] . From the definition (91), computing the integral in d = d c = 2, we obtain
For a = 0, this is the same as (E14) of [10] , and for a = 1 has the same form as (95) upon a rescaling of α by a factor of 2, as noted in Ref. [10] .
To obtain nicer forms for p(s), and more convenient for extrapolations in physical dimension, one needs to reexponentiate these direct expansion results, as done in Ref. [10] . We will not attempt to do this here for the general case.
More on the generating functionZ(λ)
Z(λ) is easier to compare with numerical and experimental data than the disorder distribution p(s), since even if their statistics is mediocre averages over all data are taken, thus the statistical fluctuations are less pronounced. Therefore, we come back to the general formula and some examples.
Generating function in the general case
Since we work to the first order in α, i.e. in = d c − d we can write:
.
(101) up to higher order terms, hence we only need to compute the function J(z) in eq. (78) 1 − 4λ . The integral J(z) can be rewritten using the elastic generating function C(t) defined in (91) for an arbitrary elastic kernel k as
Standard elasticity
Standard elasticity has the form e(p) = p 2 + 1 and using (94) one finds:
This result is in agreement with eq. (150) of [10] . The value of α to be used in (101) for extrapolation to d = 1 (i.e. = 3) is α = −2/3.
Flat contact line and generalization
From the form e(p) = p 2 + (1 − a) 2 + a and using (99) one finds
(104) This agrees with (E10) of [10] for a = 0 and with (103) up to a global factor of 2, as predicted in [10] . The value of α to be used in (101) for extrapolation to d = 1 (i.e. = 1) is α = −2/9.
Contact line for arbitrary angles θ and ϕ
Having tested our general formula on the known cases we can now apply them to the case of the elastic kernel (62). Let us specify the relevant parameters and functions. For the contact line β = 1, d c = 2, and
We have defined for convenience a new functionẽ(r) since r is the implicit variable in the final formula. Note that for the flat interface θ + ϕ = π/2, one recoversẽ(r) = r.
The generating functionZ(λ) for the contact line can thus be computed from (101) using (85) and performing the integral in dimension d c = 2. Upon a change of variable we get:
Performing this integral analytically, or even the one involved in computing C(t), is rather awkward, and we have preferred to use numerical integration. To relate to the experiment of [1] , we have computed J(z) numerically for θ = 40
• , ϕ = 0 • . We give some explicit values: J(−1/2) = −0.493277, J(−1) = −3.10539, J(−3/2) = −8.79405, J(−2) = −18.1329. From this we have computed and plottedZ(λ) in figure 9, using the extrapolation to = 1 in the one-loop result, i.e. using (101) with α = −2/9. This is compared to the result of the scaled kernel e(p) = p 2 + 1. The experimental data are also plotted on figure 9 . Note that using the correct elasticity allows to get closer to the experimental data than using e(p) = p 2 + 1, which is the kernel for the flat interface, and the only one previously available in the literature.
Local statistics of avalanches
Basic definitions
It is also possible to study in experiments the statistics of the avalanches occurring within a given portion of the elastic object, e.g. of the contact line. One thus defines the size of a local avalanche, weighted by a characteristic • , ϕ = 0
• ,
function φ(x), e.g. a δ-distribution localized at x = 0, as 4 :
In [10] , we have shown how the characteristic function
as well as the distribution of sizes can be computed within mean-field theory, valid at and above the upper critical dimension d c . Since it already required some quite involved instanton calculus, we did not attempt to perform the expansion. Here we will perform the expansion, to one loop O( ), not on the full distribution, but on a simpler quantity, the second moment. More precisely, we will compute the universal amplitude ratio between the second global and local moments, quantities easily accessible in experiments and numerics. In fact, it was already measured in [13] in the case of standard local elasticity and the present analytical result was quoted. Here we provide the details of the calculation and predict this ratio for the contact line which has not yet been measured.
Universal amplitude ratios between global and local avalanches: general formulation
Analogous to (71), we can define the scale of local avalanches as
Note that in the last integral the momentum in the upper bubble runs over a space of dimension d < d.
To perform the expansion we now use the scaling form (81) of the elastic kernel. This yields to zeroth and first order in = d c − d:
in terms of the dimensionless integrals 2 (121)
To obtain a meaningful amplitude we now make the choice
Note that comparing with experiments then requires a precise knowledge of the internal length scale K 1/β /µ defined by the (renormalized) mass m 2 = µ β and elastic constant K = lim q κ q /q β . Alternatively, it may be used as a method to measure this length.
Standard local elasticity
We know specify to standard elasticity k = Kk 2 + m 2 , i.e. β = 2, d c = 4 and e(p) = p 2 + 1. We study d = 1. We need the integrals:
I 2 (d = 1) = dq 2π 1 (q 2 + 1) 2 = 1 4 (125) 
Putting all these results together we obtain
with α = − 3 (1 − ζ 1 ). This is the expansion for a manifold with co-dimension one in = 4 − d.
For the 1-dimensional string, simulated in [13] , we need to extrapolate to = 3 which yields α = −2/3. The two possible Padé expansions are 
Another expansion is the expansion in fixed dimension in powers of∆. It is likely to be less precise than the -expansion, but being simpler in spirit we indicate here its prediction. One evaluates directly the integrals in d = d = 1. Using the results from appendix A, this yields
and inserting the one-loop value∆ (0 + ) = −α = 2 9 we find the estimate 1/a φ ≈ 3.81, slightly larger than (132).
Contact-line elasticity
For the contact-line elasticity, the = 2 − d expansion can be done as indicated above. As it requires performing two-dimensional integrals we will only give here the fixeddimension estimate for d = d = 1, which requires only a one-dimensional integral on each momentum. We further perform them numerically using the form (109). We give two examples:
(i) flat interface ϕ + θ = π/2. Then e(p) = p 2 + 1 and we obtaiñ 
This yields a φ = 1 2 1 + 0.312811 2 9 + . . .
and 1/a φ ≈ 1.87. 
and 1/a φ ≈ 2.22. It is interesting to note that the "elastic length" η = K/µ which enters the definition (111), (116) of S φ and a φ reads:
i.e., it only involves the capillary length and geometric prefactors, thus is well-known experimentally. In addition, one can measure the dependence of a φ on the plate angle ϕ. 
